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ABSTRACT 

Properties of the hazard rate function are examined for 
a warm standby system composed of one main component with 
an exponentially distributed life length and one standby 
component with a two-stage exponentially distributed life 
length. Emphasis is placed on comparing the warm standby 
hazard rate function with the hazard rate functions for 
the parallel and cold standby systems. 

i 

Graphical analysis suggests certain hazard rate proper- 
ties, some of which are proved while others are conjectures. 
Properties with possible applications examined include 
initial and terminal values, monotonicity, and choice of 
component for the active role. Areas requiring further 
investigation are noted. 
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I. 



INTRODUCTION 



Consider a system composed of two independent compo- 
nents each of which performs the same task. In order for 
the system to complete its assigned mission either one 
or both components must function throughout the mission. 
Each component is assumed to have a random life length. 

A practical example might be a shipboard steam generator 
and an emergency diesel generator. 

i 

The two-component system may operate in one of three 
modes : 

1. Parallel 

2. Cold standby 

3. Warm standby 

In the parallel mode both components function at full ca- 
pacity simultaneously. In the cold standby mode component 
two does not begin to function until component one fails. 
The warm standby mode is the intermediate case where com- 
ponent two operates at a fraction of its capacity until 
unit one fails at which time it becomes fully operational. 

The hazard rate function is an informative and intui- 
tively appealing characterization of life distributions. 
Properties of the cold standby hazard rate function were 
studied by Barlow, Marshall, and Proschan [Ref. 1] when 
the components have increasing failure rate distributions. 
The hazard rate function for the parallel system has been 
studied by Esary and Proschan [Ref. 4] and by Bryson 
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[Ref. 3] when the components have exponential distributions, 
and by Birnbaum, Esary, and Marshall [Ref. 2] when the com- 
ponents have increasing failure rate average distributions. 

The concern in this thesis is to examine the properties 
of the hazard rate functions of the three system modes. 
Component one is assumed to have an exponential life dis- 
tribution. Component two is assumed to have a two-stage 
exponential life distribution where the first stage failure 
rate is a fraction of the second stage failure rate. 
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II. 



DERIVING THE HAZARD RATE 



A. THE SURVIVAL FUNCTION 

The survival function is defined as the complement of 
the usual distribution function. Let T>0 represent the 
random time to failure of the system. The survival func- 
tion is then F (t) = P(T>t), t>0. 

For the systems considered herein, let T^ represent the 
time to failure of component i, for i = 1, 2. Assume T^ 
has an exponential distribution with failure rate X^. As- 
sume T 2 has the failure rate 0X 2 for all t<T^ and the fail- 
ure rate X 2 for all t>T^ where 0<9<1. The situation is 
illustrated in Figure 1. 



Component one 
Component two 




FIGURE 1. LIFE DISTRIBUTION OF T 



For the system to survive a mission of duration t, 
either component one must survive to time t, or fail at 
some time s<t while component two survives to time s and 
then on to time t. Then, 

F(t) = e~ Xlt + ;V ex 2 s e -*2<t- s > Xl e‘ x l s ds 

o 

-Xit -Xot ,t. - (Xn - (1-0) X 0 ) s , 

= e ± + e z / Xj^e x 2' ds , t>0. 

o 
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The derivation proceeds in two cases: 



Case I. If A.^(1-0)A 2 , then 

(X!- (1-0) A-Oe-^+Aie-^-xie' <Xl + eX 2 ) t 
F ( t) = - — , t>0 . 

X 1 -(1-0)X 2 

Case II. If A = (1-0) A 2 , then 
F(t) = e X l^ + A^te X 2 fc f t>0. 

i 

This survival function is applicable for all three modes 
of the system. That is, for 0=0, the cold standby sur- 
vival function is Case I (A^ ^ A 2 ) . 

A 1 e" X 2 t _ X 2 e" X l t 
F (t) = , t>0 , 

Af - A 2 

Case II (X 1 = A = A) . 

F (t) = e“ Xt (1+At) , t>0. 

For 0 =1, the parallel mode survival function is 
F ( t) = e“ Xlt + e _X2t - e “ (X l +X2)t , t>0. 



B. THE HAZARD RATE 

The hazard rate function, r (t) , is defined as the nega- 
tive derivative of the survival function divided by the 
survival function. That is, r(t) = f(t)/F(t), where f (t) = 
-dF(t)/dt is the density function. For all O<0<1 the 
hazard rate is 



8 



Case I. 



f (t) 



X 1 (A x - (1-0) X 2 )e Xlt +X 1 X 2 e X 2 t -X 1 ( X 2 ) e“ ( Xl+9 X 2 > t 



X 1 -(1-0)X 2 



t>0 , 
-(A,+0A.)t 



r (t) = 



X l (X l" (1_0)X 2 )e Xlt+X l X 2 e (X 1 +9A 2 )e v ' v l ,w,v 2 

(A^ (1-0) A 2 )e“ Xlt +A 1 e“ X2t -A 1 e“ (Xl+0X2) t 

t>0. 



Case II. 

f(t) = A 1 e- Xlt +A 1 A 2 te" X2t -A 1 e -X2t , t>0, 

A 1 e _Xlt +A 1 A,te“ X2t -A e -X2t 
r (t ) = — — , t>0. 

e- X l t + A 1 te" X2t 

For the boundary cases, the hazard rate function for 
the cold standby system (0=0) is 
Case I (A^ ^ A 2 ) . 

X.X, (e“ X2t - e‘ Xlt ) 

r(t) = , t>0, 

X ie ' X 2t -x 2 e-Ut 

Case II (A^ = X^ = X) . 



At 

r (t) = , t>0. 

1 + At 



For the parallel system (0 = 1) the hazard rate 

A 1 e“ Xlt +A :? e" X 2 t -(A 1 +A„)e" (Xl+X2) 

r ( t) = — , 

e ~ x l t +e ~ x 2 t _ e ~ ( x ! +x 2) t 



function 



t>0 . 



is 
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